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Introduction
It has been a decade since the outbreak of the 2007-2010 United States Subprime Mortgage Crisis that was followed by the 2009-2014 European Sovereign Debt Crisis. The two financial crises resulted in the Great Recession that suppressed the global economy for several years. The U.S. economy seems to have fully recovered in terms of economic and financial indicators. For example, the labor market is near full employment with the unemployment rate at 3.8% as of June 2018 according to Bureau of Labor Statistics (2018) , and stock indices hit historical highs in the first quarter of the same year (e.g., Bloomberg 2018) .
However, reports have been made that the Great Recession exacerbated the uneven wealth distribution in the United States (e.g., Kochhar and Cilluffo 2017; Wolff 2014) , and, at the same time, wealth inequality has been addressed as an increasing social problem by both organizations and scholars (e.g., Congressional Budget Office 2016; Organization for Economic Cooperation and Development 2016; Saez and Zucman 2016) . Concerns about wealth inequality is not a phenomenon restricted to the United States as can be seen from the frenzied worldwide reaction to the publication of Capital in the Twenty-First Century by Piketty (2014) .
We investigate how wealth inequality can affect correct assessment of financial stability of an economic sector by showing that, when an economic sector is divided into two subsectors by extreme concentration of wealth and lack thereof, it may mask risk exposures within subsectors that are not readily observable from the aggregate. This article is the latest installment of our ongoing research about the role of borrowing capacity in determining the financial instability, and, as such, we are interested in whether the aggregate borrowing capacity could misrepresent the reality in the presence 2 of 15 of extreme wealth inequality. There are many factors that determine the borrowing capacity of an economic agent, but, for households, it is the current level of wealth, income, and debt that are the most important and easily quantifiable ones. According to the Survey of Consumer Finances (2017) (SCF), the top 10% of the United States households possess more than 75% of the total wealth and about half of the total income while the consumer debt, including a dangerously high level of student loans as pointed by many (e.g., Foroohar 2017), reached a new peak in 2017 Q4 (Federal Reserve Bank of New York 2018). This could create an uneven distribution of borrowing capacity within the households, hence different levels of financial instability as well.
There are many definitions of financial stability and financial instability (e.g., Alawode and Al Sadek 2008 ), yet they all have a common theme: financial stability entails resilience and shock-absorbing capacity while financial instability involves impairment of the financial system and its adverse effect on economic activity. The last condition often leads to the definition of systemic risk, which is summarized by Freixas et al. (2015) as an unusual financial shock that causes strong negative shocks to the real economy. We are interested in the financial (in)stability of a single economic agent rather than the system itself, hence we give our own definition: the financial stability of an agent is a state in which the agent absorbs a shock, not necessarily negative, on its wealth to keep steady its outgoing cash flows. Therefore, when an agent goes through financial instability or is financially unstable, a shock on its wealth is transmitted to another agent or even propagates throughout the system. Examples of such shock transmissions are default on a loan payment for a negative shock and over-investment for a positive shock. It should be noted that unlike the post-subprime crisis works by Rajan (2010) and Kumhof and Rancière (2010) that study the link between wealth inequality and financial crisis or those of Atkinson and Morelli (2011) and Bordo and Meissner (2012) that find no evidence of such a linkage, our goal is not to prove or disprove the existence of any nexus between wealth inequality and financial instability leading to a crisis but to show that wealth inequality can mask financial inequalities within an economic sector that appears financially stable.
We use the market instability indicator, an early warning system proposed by Choi and Douady (2012) , to quantify the level of financial instability of the United States households and nonprofit institutions serving households (HNISH) and its subsectors. HNISH is chosen because its macroeconomic time series are available on Integrated Macroeconomic Accounts for the United States (2018) and the Survey of Consumer Finances (2017) confirms an extreme wealth inequality within the sector, and hence serves our purpose well.
The rest of the paper is organized as follows. Section 2 explains the background and setup of the work, and Section 3 presents the mathematical details of the impact of wealth inequality on financial stability. Section 4 is devoted to a case study of the United States HNISH, and Section 5 provides the conclusions.
Basic Setup
Given an economy, consider its domestic part and divide it into four aggregates called agents, households (H), companies (C), financial institutions not restricted to banks (F), and government (G), indexed from 1 to 4 in that order. For each agent i, define its wealth (commonly known as asset) w i as the sum of its equity and debt, and the total wealth of the economy at time t as the vector w(t) = (w 1 (t), · · · , w 4 (t)), all in chained currency. The market instability indicator of the system is defined to be the spectral radius of the Jacobian matrix B(t) = b ij (t) 1≤i,j≤4 of a differentiable function f : R 4 −→ R 4 such that f (w(t)) = w(t + 1). Higher market instability indicator implies more Risks 2018, 6, 65 3 of 15 financial instability of the system. Let F ij (t) > 0 be the fund transferred from agent j to i 1 and F ii (t) the internal return on the invested asset portion of w i (t), also in chained currency. With these notations,
(1)
The elasticity coefficient a ij , defined as
measures how susceptible the outgoing cash flow F ij is to a change in w j . Similarly, we define a ii as the change rate of internal return on invested asset F ii (t) with respect to w i (t), so for all i and j
We further assume that changes in one agent's wealth do not affect the outgoing cash flows of others, hence
It can be proved that a ij differs from the Jacobian component b ij only on the diagonal,
By definition
and the market instability indicator of agent i (as opposed to the system) is |b ii |. In dynamical systems, the threshold that determines the stability type of an equilibrium is 1. More precisely, if x is a fixed point of a dynamical system g : R n −→ R n , then x is a stable fixed point if ρ(x) < 1 and unstable fixed point if ρ(x) > 1 where ρ(x) is the spectral radius of the Jacobian matrix Dg(x). Therefore, agent i is financially stable if |b ii (t)| < 1 and financially unstable if |b ii (t)| > 1. However, it is not convenient to use this version of sectoral market instability indicator with real data because w i (t + 1) is a function of w i (t) and other cash flows, so it is not possible to directly calculate the partial derivative of w i (t + 1) with respect to w i (t). We derive an alternative version of b ii (t) using time derivatives of wealth and cash flows. Assume that F (agent 3) is the sole creditor to all other agents and denote by F 3i 2 the debt payment by agent i to F. For all agents other than F (i.e., i = 3), the cash flow F 3i (t) consists of two components, what it actually pays and what it fails to pay. We call the former α i and latter
The new loan F i3 (t) and net new loan ν i (t) taken during [t, t + 1] are, respectively,
1 See Choi and Douady (2012) or Choi and Douady (2013) for a detailed nature of these cash flows, although this article follows Castellacci and Choi (2014) that uses different methods in selecting F ij . 2 A deposit made by i to F is an asset reallocation, hence not part of F 3i .
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Now, we express the elasticity coefficient a ij (t) in terms of time derivatives,
where " " denotes the time derivative. This is derived by applying chain rule and Equation (4) to
With these notations, differentiate w(t + 1) with respect to time. By Equations (6), (4), and (11), we get
Hence,
Each of the negative terms in Equation (14) represents the ratio of velocities-the velocity of a cash inflow and that of the wealth-which compares the movement of cash inflow and wealth, and subtracting them in aggregate is to get rid w i (t + 1) of the contribution that are not from w i (t) to get Equation (7).
The last term in Equation (14) plays an important role in determining the financial instability level and defined to be the default elasticity of agent i at time t,
of 15
When dealing with discrete time series such as quarterly macroeconomic data, the time derivatives are to be substituted by difference quotient,
This modification will be used with real data in Section 4.
Wealth Inequality and Financial Stability
Ten years after the demise of Lehman Brothers that epitomizes the 2007-2010 U.S. subprime mortgage crisis, the United States economy seems to have fully recovered. The employment is nearly full and the current economic expansion, at eight years and ten months as of 1 May 2018, just broke the record to become the second longest in history (Chandra and Golle 2018) . Despite this optimistic news, recent Survey of Consumer Finances (2017) shows that the wealth inequality in the U.S. household sector has grown wider since the time of the previous survey, and now the top 10% own more than 75% of the total wealth (Figures 1 and 2) . For 2013-2016 SCF, the income and wealth percentiles for the bottom group remain at 90%, but the top 10% are split at the top 1% and next 9%, which suggests more concentration of wealth on the top 1%. Only the wealth share of the top 1% has increased. The wealth share of the next 9% decreased slightly and that of the bottom 90% has dropped below 25%.
To model and investigate the impact of this wealth inequality on the financial stability of the households sector H, we divide it into two subsectors, the rich (agent r) and the poor (agent p). We further assume that the rich get richer and the poor get poorer, both with acceleration, which mathematically is expressed as w r (t) > 0, w r (t) > 0 and w p (t) < 0, w p (t) < 0. This assumption is justified by the wealth share changes in the survey. We also assume that the consumption F 2r and F 2p have reached a full capacity in the sense that the rich do not want to spend more than they do now, and the poor cannot reduce any more the basic cost of living. The assumption on the rich group intuitively makes sense from decreasing marginal propensity to consume (MPC), and is justified by the recent result of Carroll et al. (2017) that the aggregate MPC can differ greatly across wealth and income distribution and wealthy households with high income have low MPCs.
By Equation (5),
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The biggest portion of income for the rich tends to be the return on investment, therefore a rr is relatively big and positive. The biggest portion of income for the poor is wages and the return on invested asset is a very small part of w p , which implies a pp ≈ 0. By our assumption, the consumption for both groups are near a limit with little change, hence both a 2r and a 2p are negligible. When a borrower's wealth increases, the lenders often offer more favorable perquisites such as lower interest rates and reduced fees, while decreased wealth results in harsher borrowing conditions such as higher interest rates and minimum balance. This argument on the vicious cycle for the poor and virtuous counterpart for the rich is in line with well-established theories on debt dynamics (e.g., Hart and Moore 1998), asymmetric information (e.g., Akerlof 1970) , and financial accelerator (e.g., Bernanke et al. 1999) . Therefore, we can assert that
Our assumption on decreasing concave wealth function w p (t) can be, without loss of generality, extended such that the poor are highly leveraged with little equity and a small decrease in their wealth can result in a precipitous increase in loan payment obligation and even failure to pay. 3 This implies a 3p −1. As for tax, the rich get various forms of deduction and the poor do not pay much to begin with, so the change in tax with respect to income change would not be significant for either group. 4 Therefore, b rr ≈ 1 + a rr − a 3r 1 and b pp ≈ 1 − a 3p 1.
The size of the market instability indicator implies that both subsectors of households are financially unstable, 5 the rich from excess wealth and the poor lack thereof. Highly indebted households are vulnerable to shocks on their wealth, e.g., drop in housing value, the rise of interest rate on loans, and reduced income from layoffs, to name a few. Such events can cause a financial instability contagion along the feedback loop formed by inter-agent cash flows as explained in Castellacci and Choi (2014) , and even trigger a financial crisis similar to the 2007-2010 U.S. subprime mortgage crisis. The rich with excessive capital would look for investment opportunities and this can create bubbles outside their economy just like in the emerging market after the 2008 global financial crisis. However, the households as a single sector can appear financially stable despite these dormant seeds of further turmoil because the subsectoral instabilities of opposite causes can 'offset' each other.
We use Equation (14) to explain this mathematically. With subsectors r and p, Equation (14) can be written as follows:
We complement the previous assumptions with the following. First, the rich accumulate wealth much faster than the poor such that it mathematically means w 1 (t) > 0 and w 1 (t + 1)/w 1 (t) > 1. Second, the total income including wages and government benefit remain flat. In the Survey of Consumer Finances (2017), the income shares of the top 1% and bottom 90% are almost mirror images 3 Indeed, this was the mechanism of adjustable rate mortgages that triggered the 2007-2010 subprime mortgage crisis. 4 If, as believed by many, the rich end up paying much less tax due to the 2017 tax reform, then a 4r would become negative. 5 Recall the comment after Equation (7) that the threshold to determine the stability type is 1. However, the market instability indicator may stay above 1 all the time, and, in that case, the financial instability should be tracked by spikes of the indicator. See of each other, while that of the remaining 9% remains nearly constant, therefore this assumption is reasonable. This means that most of the wealth increase is due to return on investment F 11 . The second assumption on income mathematically means F 12 (t) ≈ 0, F 14 (t) ≈ 0. Finally, no more net new loans are taken because the rich do not need it, and the poor cannot afford it. Then,
The rich are solvent and liquid enough to rarely default on debt payments while the poor are highly leveraged and susceptible to negative shock on wealth, which implies δ r = 0 and δ p > 0. Therefore, b 11 (t) is by Equation (24) the difference of two positive numbers, and, as a result, |b 11 | can become far smaller than |b rr | and |b pp | measured separately, making the households appear financially stable while its two subsectors are not. This is an extreme case analysis with assumption on constant consumption and tax payment (which are consequences of flat income and benefit assumption used for Equation (23)), but even in real life the two cash flows could stay relatively steady compared with other ones. Therefore, when other assumptions on wealth and debt are satisfied, it is possible for the households of an economy to appear financially stable and safe from economic distress while it has an unstable subsector that can create asset bubbles (and a crisis when they bust) or one that can mass default on debt payment, triggering a solvency crisis, or both. This analysis is not restricted to the United States but can be applied to any country whose households demonstrate intensifying wealth inequality.
Case Study: United States Households
To verify our conjecture on the impact of wealth inequality on financial stability, we use the historical time series of current and balance sheet accounts of the United States Households and Nonprofit Institutions Serving Households (HNISH, agent 1) from the Integrated Macroeconomic Accounts for the United States (2018), published jointly by the Bureau of Economic Analysis and Board of Governors of the Federal Reserve System. Some modifications and assumption should be made, however. Calculating the net new loan ν 1 (t) and default elasticity ∆ 1 (t) in Equation (14) requires the actual payment α 1 (t) and default amount δ 1 (t) while the liability in the balance sheet account already reflects the default amount and represents only the remaining debt, i.e., the outstanding balance. Besides we are interested in quantifying how susceptible to an external shock on wealth an agent is. In this regard, we use a predetermined maximum debt-to-wealth (D/W) ratio ρ * to set the maximum allowable debt. The D/W ratio is bounded above by ρ * means that D 1 (t) should be less than or equal to ρ * w 1 (t), and the debt exceeding this amount is defined as the default amount δ 1 (t). In other words, δ 1 (t) is what HNISH would fail to pay if the D/W ratio ρ * were enforced at time t. Similarly, the actual payment α 1 (t) is assumed to be 0 and the net new loan ν i (t) is the increment in debt level since last time, hence
α 1 (t) = 0, and (26) Figure 3 shows the market instability indicator |b 11 | and default elasticity ∆ 1 of HNISH from 1960 Q3 to 2017 Q4. The maximum D/W ratio ρ * is chosen as the three quartiles of the historical Risks 2018, 6, 65 9 of 15 D/W ratio from 1960 Q1 to 2017 Q4, 6 thus we have three sets of |b 11 | and ∆ 1 . We can see frequent occurrence of negative ∆ 1 from 2006 Q3 to 2015 Q4. The Case-Shiller National Home Price Index (S&P Dow Jones Indices 2018) recorded a pre-crisis historical peak in 2006 Q2, declined with volatility until 2012 Q1, then started rebounding to reach an all-time high level as of February 2018. The biggest chunk of wealth for ordinary Americans being their homes, it seems justifiable that the decreasing home value implies increasing financial instability. This is indeed true from 2006 Q3 to 2011 Q3, during which not only the real estate market but other invested asset classes experienced heavy loss. In other words, Americans got poorer together during that period. Note that the mathematical threshold that determines financial stability and instability is 1, but as can be seen from the figures below the size of the indicator works as the determinant: the bigger the market instability indicator, the more severe the financial instability. Now, we divide HNISH into two subgroups, agent r and agent p, using the top 10%-bottom 90% threshold. Let α, ι, and λ be the wealth, income, and debt share of the poor, respectively. Hence,
Two quarters are lost when calculating the market instability indicator, thus the chart shows |b 11 | and ∆ 1 for shorter periods.
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The wealth and income share α and ι are chosen to suit the 2013-2016 Survey of Consumer Finances, yet the debt share λ is not readily available, at least to the author's knowledge. Hence we consider five cases: λ = 0.5, λ = ι, λ = 1 − ι, λ = α, and λ = 1 − α. The last case simulates, in the spirit of Kumhof and Rancière (2010) , the scenario in which the poor accumulate debt because their income and wealth do not cover the cost of living. Below are the market instability indicators of the rich and poor subgroups and their default elasticities from 1989 Q4 to 2017 Q4 with ρ * recalculated for that period. The timeline is chosen to use information from 2013-2016 SCF that goes back to 1989. We can see that the default elasticity ∆ r of the rich becomes negative only when λ = α, i.e., when their debt share is the same as their wealth share. This case is highly improbable in reality because rich people tend to borrow to invest for higher return, which means they can deleverage at will and never default. Even in that case, the indicators for the rich and the poor rise at different times, |b pp | two years before the 2007-2010 subprime mortgage crisis and at the end of the Great Recession, while |b rr | rises in 2003 amid housing bubbles, in 2006 on the brink of the crisis, and after the Great Recession. In all five cases, the peaks of b pp in 2005 and 2010 are followed by sharp drops in ∆ p , while |b rr | rises even when ∆ r remains zero except for the unrealistic case of λ = α. The rise of |b pp | in late 2009 and early 2010 lasts longer and bigger in magnitude than that in 2005, which suggests that the poor suffered more at the end of the Great Recession than in 2005 when the initially low interest rate of adjustable mortgages were starting to rise, causing a payment spike. Finally, it should be noted that the scale of changes (vertical axes) in |b pp | and ∆ p is far greater than that of their rich counterparts. When we look at Figure 3 , it is 2007 Q3 that seems to be the most financially unstable period during the past three decades, but Figures 4-8 tell a different story-that 2007 Q3 was relatively stable, the end of the Great Recession was the worst time for the poor while the rich have been well all the time. It should be mentioned again that, unlike the wealth and income share that are based on real data, the five levels of debt share λ are randomly chosen because data on debt distribution could not be found, but they represent diverse debt shares and some of them would decently simulate the reality. The behaviors of the three market instability indicators, |b 1 |, |b rr |, and |b pp | with those selections confirm our conjecture that wealth inequality can create an illusion of financial stability by masking financial instabilities hidden underneath.
Conclusions
We have studied masked financial instabilities that are caused by uneven distribution of wealth. When an economic sector is divided into two subsectors that demonstrate a severe wealth inequality, the sector in entirety can appear financially stable while the two subsectors possess respective financial instabilities of opposite nature, one from too much money and the other lack thereof because the wealth of the rich subsector offsets the debt of the poor one to expand the aggregate borrowing capacity of the sector in entirety. The theoretical proposition has been verified by historical macroeconomic time series of the United States households and nonprofit institutions serving households from 1989 Q4 to 2017 Q4 with the income and wealth distribution suggested by the Survey of Consumer Finances (2017) and five different levels of debt chosen by the author. This choice of debt distribution is due to lack of data. Efforts to measure income and wealth concentration go back to a century or so, and there are several established methods to measure the share of top income and wealth group (e.g., Bricker et al. 2015) . However, there have not been enough studies on debt in the same spirit as those on wealth distribution. Instead, much emphasis has been made on the measurement of aggregate debt, such as outstanding balance or percentage of wealth. According to Choi (2018) , borrowing capacity is a crucial factor in quantifying the level of financial instability. Borrowing capacity being directly related to debt and wealth, correct assessment of debt distribution within an economic sector would give an accurate estimation of both subsectoral and sectoral financial stability. As such, establishing methods to measure the concentration of debt is the goal of our next research.
The United States economy seems to have completely recovered from the Great Recession and be doing better than ever, yet there are factors that could distress part of the economy-those frequently mentioned in the media include high unemployment and stagnant wages for unskilled workers, historically high consumer debt (Federal Reserve Bank of New York 2018) including a dangerously high level of student loans (Foroohar 2017) , increasing health care cost, and corporations' preference for stock buybacks over investment (Phillips and Tankersley 2018) . These could exacerbate the wealth inequality in households and make the scenario in Section 3 happen. An uneven distribution of wealth is a frequently discussed issue these days. We believe the topic of this research is timely, and hope that it contributes to calling attention to the part of economy veiled behind benign numbers.
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